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Question 1 (15 marks) Commence each question on a SEPARATE page

a. Evaluate ——i(wmdx. 3

JJIG +x2

b. Find J'd—x 2
x% +6x +13

c. Find Ixe‘x dx. 2

d.  Find fcos’o do. 3

e. (i) Find constants A, B and C such that 3
x?—4x-1 _ A L Bx+C

A+2)1+x2) 14+42x  1+x2

2
(i)  Hence find }. X2 Ax -1 g 2

(1+2x)(1 + x?)
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Question 2 (15 marks) Commence each question on a SEPARATE page

a. Giventhatz =1 + fand w = -3, find, in the form x + iy:

iy w2z 1

. z

i 2

(i) zZ+w
b. Using de Moivre’s theorem, simplify (-1 - i4/3 }''°, expressing the answer in the 3

form x + iy.
C. Sketch the region described by the following |z] < 2 and 2?” < argz < 5?7[ 2
d.

A B
C
A
5 »
In the diagram above, OABC is a parallelogram with OA = %OC. 3
e}

The point A represents the complex number -% + i

If £ AOC = 60° what complex number does C represent?
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é. In the Argand diagram below, P represents cos & -+ isin g, I represents the
number 1 + 0/, and R represents the number z = 1 + cos@ + isin 4.

Yi

=Y

an
\

(i) Using the properties of the rhombus, or otherwise, show that z can be

expressed as z = 2cos%(cos% + ising).

1 1 i
ii Hence show that — = = - —tan—.
(ify z 2 2

pg 3
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Question 3 (15 marks) Commence each guestion on a SEPARATE page

a, Let 1, o, @? be the three cube roots of unity.
(1) Show that:

(o) o =1

(i) Ifi, o, 0*aretherootsof x> +ax?+ bx+c =0, finda, bandc.

b. Find the acute angle between the tangent x> + y* = 1 at x = 1 and the line y = x.

C. The graph shows the graph of fix) = 1 — ™. On separate diagrams, sketch the

graphs of the following functions, showing clearly the equations of any asymptotes:

Pg %
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Question 4 (15 marks) Commence each question on a SEPARATE page

a. Show that the roots of the equation z'° = 1 are given by z = cos % + isin %T- 2
wherer=0,1,2,3,..9
b. The equation x> + 2x + 1 = 0 has roots @, fand y.
. ) . . . . 1 1 1
(i) Find the monic cubic equation with roots —, E and =. 2
a ¥
{ii) Find the monic cubic equation with roots B +27 . 4 +2a and £ 4'2’6 . 3
c B 4
. 1. 1.
C. Giventhat x = ¢ + 55|n20 and y = ¢~ EsanB:
. dy 2
) Show that — = tan*@ 2
dx
dzy
(i) Show that —% = tan#sec‘s 2
dx?
d.
I
____________________________ y o= d,
Sl
P(3cos6, 4s5in0)
~
\sl /
---------------------------- y=dy
The diagram above shows an ellipse with parametric equation
X =3cos 8
y=4sin &
0] Write down the cartesian equations of the ellipse. 1
(it Find the coordinates of the foci S, and Ss. 2

(iif) Find the equation of the directrices y = dyand y = d,. 2
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Question 5 (15 marks) Commence each question on a SEPARATE page

a. (i) Let P(x) be a polynomial of degree 4 with a zero of multiplicity 3. 2
Show that P'(x) has a zero of multiplicity 2.

(i)  Hence, or otherwise, find all zeros of P(x) = 8x* — 25x> + 27x* - 11x + 1, 2

given that it has a zero of multiplicity 3.

(i)  Sketch y = 8x* - 25x° + 27x% - 11x + 1, clearly showing the intercepts 1
on the coordinate axes.

Do NOT give the coordinates of turning points and inflections.

b. The roots of atan’a + btana + ¢ = 0 are tan g, and tan as. 2

Show that the value of tan{a; + @) is

c-a

C. A particle moves in a circle of radius r, with a constant speed rw. 1

Write down the magnitude and direction of its acceleration,



2008 Whitebridge High School Mathematics Extension 2 Trial Higher School Certificate pg 7

d.

A

i

91
LemmTT ‘1}1”:@__ P (mass dm kg)

b

g Q {(mass m kg)

The diagram above shows two particles, P and Q, of masses 4m kg and m kg
respectively, which are attached by a light inextensible string. The ends of
the strings are attached to fixed points O and O'. O is vertically above O'.
The particles P and Q move in horizontal circles, of equal radius r metres,
about O0’, with the same constant angular velocity w, so that Q always remains
vertically above P.
The depth of P below the level of Q is h; and the height of Q above the level
of O’ is hy. The angle that OP makes with the horizontal is «.
0] Let the tension in the string PQ be T newtens and the tension in the 2
string OP be Ty newtons.
By drawing a force diagram and resolving forces acting on P, show that
Tisina=4mg + T
T, cosa = 4mw’r

dmg + T

(i Hence show that h; = 5 2
4mw

(i)  Hence show that (4h, - h,)w? = 5g. 3
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Question 6 (15 marks) Commence each question on a SEPARATE page

a. When the polynomial P{x} is divided by (x + 2){x - 3) the remainder is 4x + 1. 2
What is the remainder when P(x) is divided by (x + 2)?

b.
Z
74 (-2 + %01
4
o] 1 3
y2
The region enclosed by the ellipse (x - 2)? + T = 1 is rotated through one
complete revolution about the y-axis.
0 Use the method of cylindrical shells to show that the volume V of the 2
3
solid of revolution is given by V = Bﬂ‘[x«‘}l —{x -2)% dx
1
(i) Hence find the volume of the solid of revolution in simplest exact form. 3
C. From a point on the ground an object of mass m is projected vertically upwards

with an initial speed of u. The object reaches a maximum height of H before
falling back to the ground. The resistance due to air is equal to mkv?, and g is the
acceleration due to gravity.

. o dv 1 [g+ku?

i By using X = v—, show that H = —In Z—— |, 3
(i) y using o P ( 7 ]

(in P is the point of height h above the point of projection. 2

Let V be the speed of the object at P on its upward path.

2
Show that A = itn ﬂ .
2k | g+ kv?

(Y  During the downward path of the object it passes through P with half the 3
speed of when it was first at 2.

Show that v = "é,'}% .
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Question 7 (15 marks) Commence each guestion on a SEPARATE page

a. Find all the complex numbers z = g + ib, where a and b are real, 2
such that [z]> + 5Z + 10/ = 0.

b. Consider the rectangular hyperbola xy = 4,
(i) Show that the gradient of the tangent at the point P(2p, %) is up—lz. 2
(i)  Show that the normal at P is given by p°x - py = 2(p* - 1). 2
(i  This normal meets the hyperbola again at Q(2g, %). 3

By considering the product of the roots of the equation formed by the
intersection of xy = 4 and p°x — py = 2(p* - 1), or otherwise,

prove that p’g = -1.

tn t.n—z
C. ) Show that =t - = 2
1+t2 1+¢
N 3 £"
(i) Letl,= J1+r2 dt. 1
tﬂ—l
Show that I, = 1 - Iy forn = 2,
L t 13 =
(i)  Show that J'— dt=2- % 3
1+¢t2 15 4

o
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Question 8 (15 marks}) Commence each question on a SEPARATE page

a. Find d—ywhen y =éev. 2
dx
b. The diagram below shows part of the graphs of ¥ = cos x and y = sin x,

The graph of ¥y = cos x meets the y axis at A, and the C is the first point of
intersection of the two graphs to the right of the y axis.

The region OAC is to be rotated about the line y = 1.
N Write down the coordinates of the point C.
(i) The shaded strip of width 6x shown in the diagram is rotated about the 2
line y = 1. Show that the volume 8V of the resultant slice is given by
3V = n(2cosx ~ 2sinx + sin’x - cos®x) &x.
(ilh) Hence evaluate the total volume when the region QAC is rotated about 4
the line y = 1.
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C.

yA
y=¢
B
1
é/A e
0 E o,

The curve y = €° cuts the y-axis at A.
B is a second point on the curve such that x = k at B, where k > 0.

The tangent to the curve y = ¥ at A cuts the vertical line x = k at the point C.
) By considering areas, show that —;‘zk(k +2)<e-1< —;—k(l + e, 3

Hence deduce that 2.5 < e < 3.
(i) Show that the curve y = e~ bisects the area of AABC for some value of k 3

such that 2 < k < 3. Taking kK = 2.7 as a first approximation, apply Newton's
method once to obtain a second approximation.

Give your answer to one decimal place.
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STANDARD INTEGRALS
Jx"dx =—1'—x"+1, ne—1; x#0,ifn<0
n+1
J}wdx =lnx, x>0
X
ax 1 ax
fe dx ==, ax(
a
fcosaxdx =—;—sinax, a=0
Jsinaxdx =—%cosax, az0
fseczaxdx =-£1;tanax, a*0

1
jsecax tanaxds = Esecax, a+(

1 1, a2
J‘ s dx =—tan li, azl
a +x” a a

N
lE’ a>0, —a<x<a

j—l———dx =gin
Nat - x?

J.—,J;—'z_l_*?dx =1n(x+1}x2~a2), x>a>0

1 - [7. 2
f r“#__x2+a2dx —in(x+ x“+a )

NOTE : Inx=log,x, x>0
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